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Thin sheets can exhibit geometric nonlinearities while remaining within the linear elastic response
of the material. We uncover two distinct mechanisms for geometric nonlinearities by studying the
normal-force response of an indented polymer film floating on a liquid bath, using experiments,
simulations, and theory. The first nonlinearity is due to the appearance of wrinkles, which cause
the system to become stiffer than the typical linear response for infinitesimal strain. When these
wrinkles cover the sheet, the force is again linear with displacement, but with an effective spring
constant that is independent of the elastic modulus of the film. A second nonlinearity occurs when
the film reaches large slopes, causing the response to soften.

Thin sheets are easily pushed into nonlinear states
while staying within the linear elastic response of the ma-
terial itself. Consider the simple act of rolling up a scien-
tific poster: large displacements are achieved with vanish-
ing strains. Such geometric nonlinearities are central to a
wide variety of post-buckling behaviors of thin sheets and
shells [1–3]. In this Letter, we report two distinct mech-
anisms for the geometrically-nonlinear response of a thin
elastic sheet on a liquid interface. We use experiments
and simulations to study an indented polymer film float-
ing on a liquid bath, pictured in Fig. 1(a). We show that
in a single film, the normal force follows four distinct
scalings with indentation depth, consistent with recent
theoretical results [4, 5], and a geometric model [6, 7]
that can handle large slopes.

Two distinct geometric mechanisms underly these non-
linear phenomena. The first comes from a competition
between mechanical strain imposed by surface tension
and geometry-induced strain. Minimizing the elastic
strain causes the system to “stiffen” (i.e., F/δ increases).
When wrinkles cover the sheet, a so-called “asymptotic
isometry” emerges [4, 8, 9] where the elastic properties
of the film are irrelevant and the response is once again
linear. Then, a second nonlinear mechanism occurs when
the profile of the sheet is significantly sloped, causing the
response to soften (i.e., F/δ decreases). We emphasize
that the film is Hookean for these strains: the nonlin-
earities are rooted in geometry. Thus, these mechanisms
should apply to any sufficiently thin material, from poly-
mer capsules [10] to macroscopic model ellipsoids [11, 12].

Experiment.— We work in an experimental geometry
previously investigated by Holmes and Crosby [13]. We
spin coat polystyrene films (E = 3.4 GPa) of thickness 23
< t < 490 nm on glass substrates and cut them into discs
of radius 11 < Rfilm < 44 mm. The films are floated onto
deionized water with surface tension γ = 72 mN/m and
density ρ = 1000 kg/m3. Our experiments fall in the
doubly-asymptotic limit of weak tension, γ/Y < 10−3,
and negligible bending stiffness, ε < 10−4 (where Y = Et

is the stretching modulus of the film, ε = Bρg/γ2 is the
inverse bendability [14], and B is the bending modulus).

We indent the films a vertical distance δ using a steel
ball of radius Rin = 1.6 mm attached to a custom force
probe, as illustrated in Fig. 1(a). Previous work showed
that for small indentation, the film is stretched in a cen-
tral core [4]. Beyond a threshold δ, wrinkles form in an
annular region that expands towards the center and edge
of the film, as pictured in Fig. 1(b), eventually reaching
the edge of the film (Fig. 1(c)).

Figure 2(a) shows the measured force on the indenter
for several experiments where the thickness and radius
of the film were varied. The force is markedly nonlin-
ear, proportional to δ2 for small indentation. At larger
indentation the force is proportional to δ, but as we will
show, this is not the conventional linear response often
obtained at infinitesimal amplitude.
Simulations.— To access even smaller indentation

depths, we perform numerical simulations of a circular

FIG. 1. (a) A circular polystyrene (PS) film floating on
water is indented with a small spherical probe. We measure
the normal force, F , versus indentation depth, δ. (b) Wrinkles
in an indented film with t = 437 nm, Rfilm = 11 mm, and δ =
210 µm. (c) At larger δ, wrinkles reach the edge of the film.
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FIG. 2. (a,b) Force versus indentation depth for (a) experiments and (b) simulations at three film radii and a wide range of
film thicknesses. (The values of E, γ, and ρ are listed in the table in Fig. 3.) (c) The data at small indentation (simulation
curves) are collapsed by rescaling the vertical and horizontal axes by δ∗ and F∗ for each film. The collapsed data are described
well by the empirical form: F/F∗ = 1

2
[δ/δ∗ + (δ/δ∗)

2] (black line), until the data peel away at large δ. (d) A different rescaling
by δ∗∗ and F∗∗ collapses the data at large indentation, where the force is proportional to δ (black line).

sheet embedded in a liquid surface. We use a widely-
adopted triangular lattice model for the sheet [15] and a
lattice of vertical springs with zero rest length for the liq-
uid [16]. Quasistatic indentation with a spherical inden-
ter of radius Rin � Rfilm is carried out in the molecular
dynamics software LAMMPS [17].

Figure 2(b) shows simulation results where the proper-
ties of the film (Rfilm, t, E) and bath (γ, ρ) were varied,
while staying in the highly bendable yet inextensible limit
(ε < 10−3 and γ/Y < 10−3). The data show the same
qualitative scaling of F (δ) over the range accessible in
the experiments (i.e., δ & 10−4 m), but at smaller δ the
curves approach a linear scaling.

Collapsing the force curves.— We can collapse the data
at small δ by rescaling the axes, δ → δ/δ∗ and F →
F/F∗ as shown in Fig. 2(c), where δ∗ and F∗ are selected
for each curve to produce the best collapse. We find an
excellent fit to the empirical form: F/F∗ = 1

2 [δ/δ∗ +
(δ/δ∗)2], consistent with a broad transition from F ∝ δ
at small δ to F ∝ δ2 at intermediate δ.

At larger δ, we again observe F ∝ δ in simulation and
experiment, when wrinkles reach the edge of the sheet
(see SM). We can collapse all the data in the neighbor-
hood of this second transition at δ∗∗ by rescaling the axes,
δ → δ/δ∗∗ and F → F/F∗∗, as shown in Fig. 2(d).
Far-from-threshold theory.— To rationalize these ob-

servations, we summarize recent theoretical results in
the far-from-threshold (FT) framework [4, 5]. This the-
ory is based on the observation that for sufficiently thin
films, out-of-plane buckling completely relaxes compres-
sive stress in one direction. In this framework, complex
wrinkle patterns emerge from two distinct competitions:
(i) in-plane stretching energy determines the extent of
the wrinkled zone [14, 18, 19]; (ii) inside this region, the
wrinkle wavelength comes from balancing bending of the

sheet with an effective substrate stiffness [20, 21].
In the present problem, the indenter performs work

that is transmitted to a combination of elastic stretching
of the sheet, gravitational energy of the displaced fluid,
and surface energy due to exposing liquid surface area
as the sheet retracts radially inward. At small δ, the
indenter probes the stress state of the film, which is set
by the interfacial tension pulling at its edges. Thus, in
the incipient regime [5]:

F ≈ 4πγ

ln(ε−1)
δ (regime I). (1)

Here the film is stretched in a central region of width com-
parable to the gravity-capillary length, `c =

√
γ/ρg [22].

This force scaling persists until wrinkles appear and oc-
cupy a narrow annular region.

When wrinkles cover a finite fraction of the sheet, the
stress state of the sheet is significantly altered. A detailed
analysis [5] yields:

F ≈ 2.26

√
Y ρg

ln(δ̃)
δ2 (regime II), (2)

where δ̃ = (δ/`c)
√
Y/γ is a dimensionless indentation

depth that compares geometric and mechanical strain [4].
At larger δ, wrinkles reach the edge of the sheet. This

event gives rise to a so-called “asymptotic isometry”
where elastic energies in the sheet become negligible. In
this regime, the vertical profile of the sheet decays over

an emergent lateral scale `curv = `
2/3
c R

1/3
film to minimize

the sum of gravitational and surface energies [4, 21]. A
precise calculation [4, 5] yields:

F ≈ 4.58(γRfilm)2/3(ρg)1/3δ (regime III). (3)
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FIG. 3. Phase diagram showing three regimes with distinct
normal-force scalings. The two phase boundaries are sup-
ported by our experiments (filled symbols) and simulations
(open symbols) over a wide range of parameters. Dashed
lines: δ∗ given by Eq. 4 with numerical prefactors of 1.25 and
1.6, corresponding to the range of ε−1 in the data. Solid line:
δ∗∗ given by Eq. 5.

We note that regime I can be understood with standard
linear response theory, whereas regime III arises from
distinct geometric effects [4], yet the force is proportional
to δ in both regimes.

Phase diagram.— The transitions between the regimes
are governed by the evolution of the wrinkled region [4, 5].
Regime II is predicted to arise when wrinkles cover a
finite fraction of the sheet, at indentation depth:

δ∗ ∼
γ√
Y ρg

(I → II), (4)

with a numerical prefactor reported in ref. [5] that varies
with ε−1. Wrinkles reach the edge of the film at:

δ∗∗ ≈ 2.63R
2/3
film`

1/3
c

√
γ

Y
ln

(
Rfilm

`c

)
(II → III), (5)

which marks the start of regime III. We cast these results
as a phase diagram, shown in Fig. 3, using the nondi-
mensional axes R = Rfilm/`c and δ̃ = (δ/`c)

√
Y/γ. Our

measurements of δ∗ and δ∗∗ (obtained from collapsing the
data in Fig. 2) are in good agreement with this picture.

Magnitude of the force.— Having established the scal-
ing of the normal force with δ, we now examine the de-
pendence on the other system parameters. Figure 4(a-c)
shows the measured magnitudes of F/δ, F/δ2, and F/δ

FIG. 4. Forces in regimes I-III. (a) F/δ in regime I. Line:
Eq. 1 with no free parameters. (b) F/δ2 in regime II. Line:

Eq. 2 computed with δ̃ = 6, which is in the middle of the mea-
sured range. (c) F/δ in regime III. Line: Eq. 3 with no free
parameters. (d) F/δ in regime III from experiments, where
only Rfilm and t are varying. Solid line: F/δ = (π/8)ρgR2

film

from ref. [13] does not capture the data.

in regimes I-III, respectively. We find good agreement
with the theoretical predictions, Eqs. 1-3, across the en-
tire range of Rfilm, t, E, γ, and ρ. Figure 4(d) compares
our experimental data with a previous prediction based
on the plate equations plus assumptions about the liquid
response [13]. The data clearly depart from that predic-
tion as Rfilm is varied.
Geometric approach and large slopes.— Our measure-

ments in regime III (Figure 4(c)) provide strong support
for the scenario of asymptotic isometry [4], in which the
film is nearly isometric to its pre-indentation state, and
the force is thus predicted to be independent of the me-
chanical properties of the film (Eq. 3). These behaviors
form the basis for a recent geometric model where the
sheet is treated as inextensible but with zero bending
cost [6]. This model was used to explain the wrapping of
a droplet in a thin sheet [6] and the folding of an annular
sheet submitted to different inner and outer surface ten-
sions [7]. Here we apply this formalism to indentation,
unveiling a distinct regime at large slopes, which cannot
be accessed in the typical FT framework.

In this asymptotic regime, the only relevant energies
are due to gravity and surface tension:

U = Ugravity + γ(∆Afree) (6)

= π

∫ [
ρgrζ(r)2 + 2γRfilm

(√
1 + ζ ′(r)2 − 1

)]
dr,

(7)

where ∆Afree is the area of the water bath that is ex-
posed by the inward displacement of the sheet, and ζ(r)
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is the axially-symmetric height profile of the sheet that
averages over wrinkles or other microstructures (i.e., the
“gross shape” of the sheet [6]). The boundary condition
from the indenter is: ζ(0) = δ. Minimizing the energy
over all possible profiles yields the gross shape of the
sheet (see SM).

In the small-slope limit, the energy is minimized by the
Airy function, ζ(r) = δAi(r/`curv)/Ai(0), giving a simple
derivation of the profile of the sheet in regime III (see
refs. [4, 21] for the FT treatment). Plugging into Eq. 7,
the energy and hence the poking force can be recovered,
yielding the force in regime III (Eq. 3). Note that the
geometric model is not suitable for describing regimes I
and II as they rely on stretching in the sheet.

For arbitrary slope, the energy may be minimized nu-
merically (see SM). At large indentation, we find that
the height profile flattens to ζ(r) = 0 for r > 0, giving a
purely interfacial cost, U ∼ 2πγRfilmδ. The force is thus:

F ∼ 2πγRfilm (regime IV), (8)

independent of δ. This signals a fourth regime for the
force response. The physical mechanism is purely geo-
metric: At large slopes, the energy functional (Eq. 7) fa-
vors a cusped profile that poses a negligible gravitational
cost, so the force becomes independent of ρg.

The transition into this regime (see SM) is predicted
to occur at:

δ∗∗∗ ≈ 1.37`curv (III → IV). (9)

This transition does not depend on the elastic properties
of the sheet, so its position in the phase diagram shown
in Fig. 3 depends on the value of γ/Y . Nonetheless,
Eqs. 5 and 9 predict that δ∗∗∗ > δ∗∗ as long as Y/γ �
(Rfilm/`c)2/3, which is the case in our studies.

Two additional morphologies are observed in the
experiments: periodic stress-focusing “crumples” [18]
emerge in regime III, and radial folds may form in regime
II or III [13]. Remarkably, crumples do not affect the
force on the probe (see SM), whereas a fold elicits a small
drop in the force. According to the geometric model, the
appearance of crumples or folds should affect the force
on the probe only if they alter the gross shape of the film
from the optimal axisymmetric shape.

The experiments and simulations reported thus far
only probe regimes I-III. To measure forces over an even
larger range of displacements, we performed a simulation
with a wide sheet (Rfilm = 44 mm) using a nonlinear
treatment of gravity that addresses large slopes (see SM).
We observe behavior consistent with “geometric soften-
ing” at large δ, as shown in Fig. 5 where we plot the
effective spring constant, F/δ, versus displacement.
Conclusion.— We have found good agreement be-

tween simulations, experiments, and theory of an in-
dented floating thin film over four scaling regimes. De-
spite the simplicity of the poking protocol, it reveals two
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FIG. 5. Effective spring constant, F/δ, versus displacement.
Solid lines: theoretical predictions for the four regimes. Re-
sults for a numerical simulation with t = 357 nm, Rfilm = 44
mm, and γ = 0.072 N/m (dashed red line) are in good agree-
ment with the theoretical predictions with no free parameters
(solid lines: Eqs. 1, 2, 3, 8). Regimes I and III are shaded
to show the predicted values of δ∗, δ∗∗, and δ∗∗∗ for this film,
using Eqs. 4, 5, 9.

distinct geometric nonlinearities. In regime II, the ef-
fective spring constant F/δ stiffens as wrinkles qualita-
tively alter the global stress state of the film. In regime
IV, the system softens as the vertical profile of the sheet
becomes increasingly steep and localized. The dimen-
sionless numbers controlling these two nonlinearities are
δ̃ ≡ (δ/`c)

√
Y/γ (comparing geometric strain to mechan-

ical strain) and
˜̃
δ ≡ δ/`curv = δ/(`

2/3
c R

1/3
film) (the maximal

slope of the sheet). These mechanisms are sufficiently
general so that they should apply to other settings. For
instance, the energy functional (Eq. 7) is qualitatively
similar to that of a liquid meniscus in 1D and 2D, where
the profile also becomes cusped for large slopes [23].

Finally, we note that the appearance of crumples and
folds is reminiscent of the transition to a polygonal state
in the wrapping of a circular sheet around a droplet
of gradually increasing curvature [6]. There, the tran-
sition is driven by the higher efficiency of a polygonal
overall shape in minimizing the exposed surface area.
Whether the crumpling or folding transitions in inden-
tation are governed by geometry (through Eq. 6) or me-
chanics (through the minimization of an elastic energy)
is an open question that should be studied in the future.
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